Abstract We describe mathematically the age-independent version of the h-index, defined by Abt (Scientometrics 91(3):863-868, 2012) and explain when this indicator is constant with age. We compare this index with the one where not the h-index is divided by career length but where all citation numbers are divided by career length and where we then calculate the new h-index. Both mathematical models are compared. A variant of this second method is by calculating the h-index of the citation data, divided by article age. Examples are given.
Introduction
Let us have a researcher with T publications and let c i (i = 1, …, T) be the number of received citations of paper i. We suppose that the papers are arranged in decreasing order of number of received citations (i.e. c i C c j if and only if i B j). Then the Hirsch-index (Hirsch (2005) ) (or h-index) is the largest rank r = h such that all papers on ranks i = 1, …, h have at least h citations (i.e. the largest rank r = h such that c h C h and hence c i C h for all i = 1, …, h).
It is clear that the h-index is age-dependent (i.e. is dependent of career length). Long careers usually have higher values of T (total number of publications) and of c i (i = 1, …, T) (number of citations received by paper i), when compared to shorter careers (e.g. younger researchers). This fact was already noted in the defining paper Hirsch (2005) .
So, with the h-index, one should not compare researchers with different career length (as we should also not compare researchers from different fields, but that is the case for all citation-based indicators-in this paper we do not deal with this problem).
This has lead Abt (2012) to the following ''age-independent'' h-index (also implicit in Hirsch (2005) ). Denote by h(t) the h-index of a researcher at career length t (starting at the time of the researcher's first published paper). Then define
i.e. the h-index (at time t) divided by the (fractional) number of decades since the first published paper. The factor 10 is only useful in practical examples; in theoretical models we might use
as well. Abt (2012) claims that a(t) is constant in t and gives practical evidence for it. Incidentally, a constant a(t) implies that h(t) increases linearly, as is trivial from (1) or (2). In this paper, based on the models developed in Egghe and Rousseau (2006) and Egghe (2009) , we give a mathematical model for a(t) and a * (t) and present necessary and sufficient conditions for a(t) and a * (t) to be constant. Practical data on h(t) and a(t) for this author's career are given. This is done in the next section.
In the third section we describe a second way to reach an ''age-independent'' indicator: we do not divide h(t) by t (or t/10) but we divide all citation numbers c i by this career length and then we calculate the h-index of this transformed set of data. We denote by b(t) this indicator (if we use t/10) and by b * (t) this indicator (if we use t). Also for these indicators we present a mathematical model based on Egghe and Rousseau (2006) and Egghe (2008a, b) and give necessary and sufficient conditions for b(t) or b * (t) to be constant. An example from this author's career is given. Also in this section we remark that a third indicator can be constructed to reach ''age-independence''. In the previous two cases we divide always by career length t or t/10 where we do not take into account the different ages of the published papers. So, theoretically, it makes more sense to divide the number of citations c i of the ith paper by the age of the paper which is 2012 given by 2012 À publication year þ 1
and then calculate the h-index of this transformed set of data. If we use ''age/10'' we denote this indicator c(t) and if we use ''age'' we denote this indicator c * (t) (as we did with the previous two indicators). We prove relations (inequalities) between these three indicators and present an example from this author's career.
The paper closes with some conclusions and suggestions for further research.
A model for Abt's ''age-independent'' index
In Egghe and Rousseau (2006) we assumed that the paper-citation system is Lotkaian (Egghe (2005) ) with Lotka exponent a [ 1. We there showed that, if there are T papers in total, that the h-index of this system is given by
In Egghe (2009) Note that the case b = 0 is the case where we have a constant number of publications per year. The total number of publications T, dependent on t [denoted as T(t)] is given by
Combining (4) and (6) (supposing a to be independent of t) and denoting the timedependent h-index h by h(t), yields
Note that h(t) is a concavely increasing function of t if and only if b ? 1 \ a, is linear in t if and only if b ? 1 = a and is a convexly increasing function of t if and only if
By definition of Abt's indicator a(t) we have, by (1) and (7) a t ð Þ ¼ 10
(and the same for a * (t) with the factor 10 deleted). We now have Proposition 1, yielding a necessary and sufficient condition for Abt's claim to be valid.
Proposition 1 The indicator a(t) is constant if and only if
The same result is true for a
Proof This is trivially following from (8).
Note The case a = b ? 1 is a classical informetric case. The most classical Lotka exponent is a = 2 (see Egghe (2005) ). This implies that b = 1 and by (7) we have a linearly increasing h(t) function, much in line with Fig. 1 (h(t) for this author's career). So Proposition 1 indicates that a constant a(t) function is classical and hence supports the finding in Abt (2012) .
We further have Proposition 2.
Proposition 2 (i) a(t) is convexly decreasing if and only if
(ii) a(t) is increasing if and only if
(iii) a(t) is convexly increasing if and only if
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The same results are true for a * (t).
Proof All these results follow trivially from (8). h
These results are illustrated by this author's citation data yielding Fig. 1 (h(t)) and Fig. 2 (a(t) ). An variant of Abt's ''age-independent'' index There are several ways to correct the h-index for career length. One of them is Abt's index, discussed in the previous section: the simple idea there is by dividing the h-index by the career length t (or t/10).
A similar idea is as follows. We take the citation data c i (i = 1, …, T) and divide all these numbers by t (or t/10). For these ''normalized'' citation data we calculate the h-index. We denote this ''age-independent'' index by b(t) (using t/10) and by b * (t) (using t). To model b(t) and b * (t) we invoke a result from Egghe (2008a, b) on transformations of the h-index.
Proposition 3 (Egghe 2008a, b) Let h be the h-index of the system c i (i = 1, …, T): the number of received citations for paper i, where there are T papers in total. If we do not change the total number T of papers but if we multiply each c i by a positive number B, then the h-index h * of this transformed system is given by
where a is the Lotka exponent of the original system.
So we have the following formulae for b(t) and b
Combining (16) with (7) yields
and similarly for b * (t) (with 10 aÀ1 a deleted). From (8) and (18) we now see that and similarly
Note that, since t C 1, it follows from (20) that
for all t. This shows that b(t) increases faster than a(t) [and similar for b * (t) and a * (t)]. We have the following propositions, similar to Propositions 1 and 2.
Proposition 4 The indicator b(t) is constant if and only if
The same result is true for b * (t).
Proposition 5 (i) b(t) is convexly decreasing if and only if
( 
ii) b(t) is increasing if and only if
The same results are true for b * (t).
The proofs of Propositions 4 and 5 follow trivially from (18) and the similar result for b * (t). From Proposition 4 we see that, for the classical Lotka exponent a = 2 we have that b(t) is constant if b = 0. From (7) it follows that h(t) is concavely increasing (since a [ 1) .
The calculation of b(t) is illustrated on this author's data for t = 35 (the year 2012). The citation data are as in Table 1 . From this table we see that h = h(35) = 22. Hence, by (1)
For b(35) we have to divide the c i -values by 35/10. This is done in Table 2 from which it follows that b 35 ð Þ ¼ 10 ð28Þ Both methods of normalizing the h-index use the career length t. There is a third normalizing method. It is the same as the one yielding b(t) (or b * (t)) but instead of dividing each c i by t/10 (or t) we now divide each c i by the (article age)/10 respectively by the article age and calculate the h-index of this new table. The new ''age-independent'' indices are denoted c(t) and c * (t) respectively. Note that, by definition, c(t) C b(t) and c * (t) C b * (t) since article age Bt. The disadvantage of this third method is that it is complex to calculate: we have to check every article and the obtained new table is not decreasing anymore. A manual control of this author's citation data in the Web of Science on August 21, 2012 showed that c(35) = 19. Here c(35) \ h(35) = 22 but the simple example in Table 3 shows that c(t) [ h(t) is possible. This occurs when articles are cited in a fast way. This is a good property.
Discussion on the three correction methods
As discussed above, we have selected three methods for correcting the h-index for career length. The first method is Abt's original proposal (Abt 2012 ) by simply dividing the h-index of a researcher by the career length. A second method that is presented here is to divide all citation data by this career length and then calculate the h-index of this set of ''normalized'' data. A third and last method that is presented here is to divide each citation number by the age of the cited paper and then calculate the h-index of this set of ''normalized'' data.
Clearly the first method is the simplest, followed by the second method. The third method is the most logical one (since each article's citation number is divided by its age) but is the most intricate one since the order of the normalized citation data is different from the original one and hence one is obliged to consider all papers of the researcher. In this sense, the second method is an acceptable alternative for the third method since one divides each article's citation number by the career length. This is more logical than simply dividing the h-index by the career length as in the first method (Abt's method). The first method is not logical in this sense since this simple method indicates that a normalization is obtained by simply dividing the h-index by career length which would only be logical if the h-index is a linear function of time (career length) which is, by (7), not always the case.
From the above discussion one would be inclined to say that the second method is to be preferred since it is more logical than the first one and simpler than the third one. However, from (20):
indicating that the first method is ''equivalent'' to the second method since it is obtained by dividing the normalized h-index b * (t) by the career length as indicated in (29). So the first method (although too simple in its definition) performs equally well as the second method, hence the first method should be preferred due to its simplicity. We also repeat that the first method yields a constant function (as indicated by Abt) in a classical informetrics case: a = b ? 1 (see Proposition 1) which is e.g. the case for a = 2 (most classical Lotka exponent-see Egghe (2005) ) and b = 1 (linear growth of the h-index).
Conclusions and suggestions for further research
This paper presented a mathematical model for the ''age-independent'' indicator of Abt. We give characterizations of the different shapes of this function of the career length t, amongst which a characterization of when this function is constant. We show that this happens in classical informetric cases giving evidence to Abt's claim that this indicator often is t-independent. A second type of age-independent indicator is obtained by not dividing the h-index by t but by dividing each citation number c i by t and then calculating the h-index of this transformed table. Also for this indicator, a mathematical model is presented and characterizations of the different shapes are given, amongst which a characterization of when this function is constant. Both models are also compared.
A third method of normalizing the h-index for career length t is as in the second method but, instead of dividing every citation number by t we divide by the age of each article.
Although it is more difficult to calculate this third index it has the good property that, the faster articles are cited, the higher this index becomes.
We encourage the reader to conduct further experiments on these three types of ''age-independent'' indices and to define new variants of these three methods.
